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Abstract: This paper describes an Adaptive IMEX-Crank-Nicolson (A-IMEX-CN) hybrid scheme for the
numerical solution of the Lighthill-Whitham-Richards (LWR) traffic flow model. The proposed method
couples a two-step explicit Godunov predictor with an implicit Crank-Nicolson corrector, enhanced with
an adaptive time-stepping strategy based on the local Courant-Friedrichs-Lewy (CFL) condition and a
defect estimator. With this kind of hybrid approach, there is a possibility to avoid problems that
traditional methods suffer from: explicit methods have strict stability bounds while implicit methods
involve very expensive nonlinear solves and may be affected by numerical diffusion. The A-IMEX-CN
reaches second-order time accuracy, allowing far larger time steps with respect to stable explicit schemes
while reducing computational costs compared to fully implicit methods. Numerical tests with smooth
and discontinuous initial conditions are given, which confirm robustness and efficiency, enabling the

realization of real-time and large-scale traffic flow simulations.

Keywords: Traffic flow, hybrid numerical schemes, Crank—Nicolson, adaptive time stepping, Godunov
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1 INTRODUCTION

It is necessary to model and simulate traffic flow with a view to understanding and improving
transportation systems. The Lighthill-Whitham—Richards model represents one of the fundamental
building blocks of the classical macroscopic approaches expressed as a first-order nonlinear hyperbolic
conservation law. Its relative simplicity, being able to incorporate fundamental phenomena like shock
waves and rarefactions, makes it one of the most widely used models for theoretical and practical
applications (Chiarello & Goatin, 2019; Goatin & Rossi, 2019; Friedrich et al., 2018; Balzotti & Géttlich,
2020). However, the numerical solution of the LWR equation requires careful consideration in terms of

stability, accuracy, and computational economy.
tabil 'y, and tational y

The classical explicit finite-difference and finite-volume schemes (e.g., Godunov-type approaches
(Morton & Sonar, 2007; Toro, 2012) that are simple to implement and computationally efficient per time
step are limited by the Courant—Friedrichs—Lewy (CFL) condition, which requires extremely small time
steps for stability. By contrast, implicit schemes such as backward Euler or Crank—Nicolson (Pareschi &
Russo, 2005; Boscarino & Pareschi, 2017) allow for unconditionally stable simulations with larger time
steps, but they are computationally expensive due to nonlinear system solves and may introduce artificial
diffusion that blurs sharp density gradients (Makridis & Kouvelas, 2023). This trade-off has long been an

issue in numerical traffic flow simulation (Qiao et al., 2022; Storani et al., 2021).

Recent studies have sought to use hybrid and adaptive approaches to combine the benefits of explicit
and implicit approaches (Storani etal., 2021; Chen & Lu, 2025). Because they handle various terms with
customized discretizations, IMEX (Implicit—Explicit) time discretizations have drawn special interest for
stiff systems and hyperbolic PDEs (Boscarino & Pareschi, 2017; Qiao etal., 2022). Nevertheless, their use
in traffic flow models is still quite restricted (Chiarello & Goatin, 2019; Goatin & Rossi, 2019), and the
majority of current research lacks adaptive time-stepping methods that react dynamically to changing
traffic conditions (Luther et al., 2024). Furthermore, it is still difficult to strike a balance between
computing efficiency, accuracy, and stability, particularly for large-scale, long-term simulations that are
pertinent to intelligent transportation systems (Chen & Lu, 2025; Makridis & Kouvelas, 2023; Fan et al.,

2024).

For the LWR traffic flow model, we present a unique Adaptive IMEX—Crank—Nicolson (A-IMEX-CN)
hybrid system in this work. The approach incorporates: An explicit Godunov predictor for precise shock
capture and monotone spatial discretization (Morton & Sonar, 2007; Toro, 2012). An implicit Crank-
Nicolson corrector for enhanced stability and second-order temporal accuracy (Boscarino & Pareschi,
2017; Pareschi & Russo, 2005;). An adaptive time-stepping technique that uses a defect estimator and

local CFL conditions to dynamically modify time steps (Luther et al., 2024).
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We show through numerical tests on both smooth and discontinuous initial conditions (Makridis &
Kouvelas, 2023; Qiao et al., 2022). that the suggested approach is computationally more economical
than fully implicit schemes (Storani et al., 2021; Chen & Lu, 2025; Makridis & Kouvelas, 2023; Fan et al.,
2024), and, for long time increments, achieves greater accuracy than explicit methods.  The results
validate the approach’s potential for precise and efficient traffic flow modeling in real-time applications

and extensive network analysis (Chen & Lu, 2025; Fan et al., 2024).

2 RELATED WORK

The numerical simulation of macroscopic traffic flow has been extensively studied in the last few
decades, with an emphasis on improving the stability, precision, and effectiveness of solution techniques
for the Lighthill-Whitham—Richards (LWR) model (Lighthill & Whitham, 1955; Richards, 1956). Early
contributions primarily focused on explicit finite-difference and finite-volume techniques, specifically
the Godunov scheme (Morton & Sonar, 2007; Toro, 2012), and related extensions (Qiao et al., 2022).
These techniques are widely used to solve nonlinear hyperbolic conservation laws due to their simplicity
and ability to capture shocks. Nevertheless, they are computationally costly in long-time simulations due
to the Courant—Friedrichs—Lewy (CFL) condition, which necessitates tiny time increments for stability
(Makridis & Kouvelas, 2023). Implicit techniques like backward Euler and Crank—Nicolson (Boscarino &
Pareschi, 2017; Pareschi & Russo, 2005), were used in traffic flow models to get around these limitations.
Although implicit approaches allow for bigger time steps and are unconditionally stable, the computing
cost is much increased because they require solving nonlinear algebraic problems at each step.
Additionally, numerical diffusion is frequently introduced by implicit approaches, resulting in smeared
shock profiles and decreased accuracy in capturing acute traffic fronts (Storani et al., 2021; Makridis &
Kouvelas, 2023). Interest in hybrid and adaptable numerical methods has grown in recent years.
Hyperbolic PDEs have been effectively solved using IMEX (Implicit—Explicit) techniques (Qiao et al.,
2022), where stability and efficiency are balanced by treating stiff and non-stiff components
independently. IMEX techniques have been extensively researched in fluid dynamics and reaction-
diffusion systems, but there hasn't been much use of them in macroscopic traffic flow (Goatin & Rossi,
2019; Chiarello & Goatin, 2019). The necessity for higher-order, adaptable, and well-balanced methods
that maintain crucial traffic aspects while lowering computing costs is highlighted by a number of recent
research (Balzotti & Gottlich, 2020; Friedrich etal., 2018). These articles draw attention to two significant
problems that still require attention: When wave velocity and traffic conditions change, time steps are
dynamically modified. In large-scale, real-time applications where speed and reliability are crucial,
striking a balance between accuracy and efficiency. The literature mentioned above points to a clear
research gap: hybrid numerical frameworks tailored for traffic flow that combine adaptive time stepping
with strong shock capturing and second-order temporal accuracy are still lacking, despite the fact that
explicit and implicit approaches have been extensively studied. This gap serves as the driving force
behind the creation of the current study, in which we solve these issues by introducing an Adaptive

IMEX—Crank—Nicolson (A-IMEX-CN) system.
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3  MATHEMATICAL MODEL

Conservation rules that depict the evolution of vehicle density are an excellent technique to illustrate the
dynamics of vehicular traffic on a one-dimensional route. One of the most popular macroscopic traffic
models is the Lighthill-Whitham—Richards (LWR) model (Lighthill & Whitham, 1955; Richards, 1956),

which is defined as:

o , () _
at 0x

0, x € [a,b], t>0 (D

where f(p) is the wraffic flux function and p (X, t) is the traffic density (vehicles per unit length). The

definition of the flow is:

f(p) = pV(p) (2)

The velocity-density connection is shown by V(p), which is sometimes called the fundamental diagram
of traffic flow (Goatin & Rossi, 2019; Chiarello & Goatin, 2019). The Greenshields model is a popular

functional form (Goatin & Rossi, 2019 ):

V() = Var (1- =) 3

f(p) = pV(p), (4)

which leads to the flux function:

F(0) = Vinaxp (1~

) )

pmax

Here Vi gyt maximum (free—flow) velocity, Py qx: jam density (maximum possible vehicle density).

Even with a smooth initial condition, solutions to the LWR model, a nonlinear first-order hyperbolic PDE,
may experience discontinuities, or shocks. These shocks are associated with abrupt traffic jams or stop-

and-go waves (Morton & Sonar, 2007; Toro, 2012).

3.1 Initial and Boundary Conditions

The model needs beginning and boundary conditions to guarantee well-posedness:
Initial condition:

p(x,0) = po(x),  x€lab] (6)
Boundary conditions:

Inflow and outflow conditions may be specified based on the road configuration. Either fixed Dirichlet
conditions (specified densities at X = @ and X = b) or demand-supply boundary conditions
consistent with Godunov fluxes are taken into consideration in our numerical tests (Morton & Sonar,

2007; Toro, 2012).
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3.2 Characteristics and CFL Condition

The derivative of the flux provides the characteristic speed:
5(p) = '@ + pV'® )

Density waves propagate at this pace. The CFL condition is necessary for explicit schemes to be stable

(Morton & Sonar, 2007; Qiao et al., 2022):
At
—<1 8
maxls(P)le < 8)

It limits the time step size At in relation to the grid spacing 4. One of the primary drawbacks of explicit
approaches is this requirement, which spurs the creation of hybrid schemes (Chen & Lu, 2025; Luther et

al,, 2024).
4 NUMERICAL METHODS

Three kinds of finite-difference/finite-volume discretizations are taken into consideration in order to
approximate solutions of the LWR traffic flow model (Lighthill & Whitham, 1955; Richards, 1956):
explicit, implicit, and the suggested hybrid A-IMEX—CN scheme. Assume that the time step is At and
that the computational domain is separated into uniform cells with a spacing of AX. Use pin to represent

the approximate density at place X; and time {y,.
Let a uniform grid
xi=a+iAx fori=0,..,N) 9)
and times
t" = nAt. (10)
Denote cell averages or nodal densities by pln‘

41  Explicitupwind / Godunov (baseline)

The explicit finite-volume scheme with Godunov flux (Morton & Sonar, 2007; Toro, 2012). is given by:

At
n+l _ n _ n_ _ n —_—
pi = ,Di A (Fi+% Fi—%) , A Ax, (11)
where
F'y = Fe(pf', pi™) (12)

2

is the Godunov flow, which is determined through the resolution of a local Riemann problem (Qiao et

al., 2022). Benefits: quick and easy per time step. Limitation: necessitates the CFL condition (Equation 8)
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(Morton & Sonar, 2007; Qiao et al., 2022), which limits At and may increase the computational cost of

lengthy simulations.

Stability requires CFL:

At
"M — <
max|f' ()] 5 < 1. (13)

4.2 Implicit Crank—Nicolson Scheme

In the implicit Crank—Nicolson (CN) method (Boscarino & Pareschi, 2017; Pareschi & Russo, 2005),

fluxes are averaged between time levels £, and €5, 4 1:

A
n+1 _ .n_ 7~ n__ pn n+l _ pn+l
S (FH% Fi—%)+<Fi+% Fi—%)' a

At each time step, a nonlinear algebraic system must be solved (often using Newton's method). Benefits:
allows for a bigger At andis unconditionally stable. Limitation: may introduce numerical diffusion that

blurs shocks; computationally costly (Makridis & Kouvelas, 2023).

4.3  Hybrid Adaptive IMEX—Crank—Nicolson (A-IMEX—CN) Scheme

We suggest a two-stage hybrid predictor-corrector system that combines the stability of implicit methods

with the efficiency of explicit methods:

1. Predictor (explicit Godunov step):

prHt = pn - A(F."l _ F."l) (15
l+i l_i

2. Corrector (implicit CN step):

> + (F:il - Fi"_gl) , (16)
2

A
P?H:P?—_ <Fir_:l_Fin_1 1

2 2 2

. . . ~n+1 . .
starting at the predictor solution O; , the nonlinear terms are roughly solved using a few Newton

iterations (Storani et al., 2021; Boscarino & Pareschi, 2017).
3. Adaptivetime-stepping:

The time step At s dynamically adjusted using: Local CFL condition: At < Q(Ax/
max|s(p)|),with 8 < 1,

A defect (residual) estimator to refine or enlarge At depending on accuracy requirements.
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4.4 Summary of Methods

Table 1 gives a short summary of the theoretical properties of the numerical approaches we are looking

at.
Table (1). Comparative Summary of Numerical Schemse

Method Stability Accuracy Cost perStep  Limitation

Explicit Godunov Conditionally stable (CFL) First-order in time Very low Restricted At

Implicit CN Unconditionally stable Second-order in High Nonlinear solves,
time diffusion

Hybrid A-IMEX-CN Stable (adaptive CFL) Second-order in Moderate Implementation
time complexity

With a far lower computing cost than purely implicit methods, this hybrid scheme is intended to deliver

more accuracy than explicit methods for large At.
5 PROPOSED HYBRID METHOD: AZIMEXZCN

We provide a hybrid Adaptive IMEX—Crank—Nicolson (A-IMEX-CN) approach to solve the LWR traffic
flow model in order to get beyond the drawbacks of traditional explicit and implicit techniques. The
fundamental idea is to dynamically adjust the time step according to local traffic conditions while

combining the accuracy and stability of an implicit corrector with the efficiency of an explicit predictor.

5.1 Formulation of the Method

Predictor step (Explicit Godunov): An explicit finite-volume update provides a first approximation:

prtt=pt—A\F'1—F"4 (17)
l+E l—i

n . .
where Fi+1 is the Godunov flux at the cell interface.
2

Corrector step (Implicit Crank—Nicolson):

The predictor is used as the initial guess in a Crank—Nicolson update:

A
nt1 _ n_ 7~ n_ _pn n+l _ pn+l
pi =P~ |\ Fle Fi_% + Fi+% Fi_% , (18)

Nonlinear terms at time tn+1 are solved iteratively using a limited number of Newton iterations,

initialized with P11,

Adaptive time stepping: The time step At is adjusted dynamically using:

At =0 (A—x) (19)

max|s(p)|
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where S(p) = f’(p) is the wave speed and 0 e (0,1)‘ A residual-based defect estimator is also

used to refine At when necessary.

5.2  Algorithm
The hybrid scheme can be summarized in the following steps: Algorithm 1: A-IMEX-CN Hybrid Method

1. Initialize grid {Xi}, Ax, initial density Do (X)
2. Setinitial time step At based on CFL condition.
3. Foreachtimestep £, = 4 1:

(a) Predictor: compute ﬁin+1 using Eq. (17).

b) Corrector: update pin+1 using Eq. (18), with Newton iterations starting from ﬁin+1

(
(c) Adaptivity: compute residual error; adjust At using Eq. (19).
d) Advance time: t,, .1 = t,, + At.

4. Repeatuntil final time T is reached.
5.3  Advantages of the Proposed Scheme

Stability: Unlike explicit methods, the hybrid scheme remains stable even for larger At. Efficiency:
Requires fewer Newton iterations than a fully implicit Crank—Nicolson solve. Accuracy: Achieves second-
order temporal accuracy with reduced numerical diffusion. Adaptivity: Automatically adjusts the time

step based on local traffic dynamics, improving robustness for both smooth and discontinuous solutions.
6 CONSISTENCY, STABILITY, AND COMPLEXITY (SKETCH)

6.1 Consistency

The proposed Adaptive IMEX—Crank—Nicolson (A-IMEX-CN) scheme combines an explicit Godunov
predictor with an implicit Crank—Nicolson corrector. Let p (X, t) be a sufficiently smooth exact solution
of the LWR model.The local truncation error of the explicit Godunov step is first order in space and time,
while the Crank—Nicolson corrector is second order in time. Therefore, the overall local truncation error

satisfies
7= 0(4x) + 0(4t?) (20)
provided that the numerical flux is consistent with the physical flux f(@).

Hence, the A-IMEX-CN scheme is globally consistent with order (Morton & Sonar, 2007; Pareschi &
Russo, 2005).

O(4x, At?) (21)
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6.2 Linear Stability Analysis

To investigate stability, we consider the linearized LWR equation around a constant state p (Morton &

Sonar, 2007):

dp dp

3 taz:=0 a=f"(p) (22)

Assume a Fourier mode solution of the form

Pt = preth (23)

ﬁn+1 — Gﬁn (24)
where G denotes the amplification factor (Pareschi & Russo, 2005).

For the explicit Godunov predictor, stability requires the CFL condition

At
IaIE <1 (25)

For the implicit Crank—Nicolson corrector, the scheme is unconditionally stable for the linear problem.
Under the adaptive time-stepping strategy, the combined amplification factor satisfies (Makridis &

Kouvelas, 2023; Fan et al., 2024).
Gl <1 (26)
which implies L? -stability of the hybrid scheme.
Theorem 6.1 (Convergence of the AIMEX-CN Scheme).
Let p(x, t) be a sufficiently smooth solution of the LWR equation on a bounded domain. Assume that:

1. The numerical flux is consistent, monotone, and Lipschitz continuous.

2. The adaptive time step At satisfies the local CFL condition.

Then, the numerical solution P, produced by the A-IMEX-CN scheme converges to the exact solution as

Ax = 0and At = 0. Moreover, the following error estimate holds:
lp(2T) = pr (5 Dl 2 < C(Ax + At?) (27)
where C > 0 is a constant independent of AX and At.

Sketch of Proof: Consistency: Follows directly from the truncation error estimate in Section 6.1. Stability:
The explicit predictor is stable under the CFL condition, while the implicit Crank—Nicolson corrector is

unconditionally stable. The adaptive time-stepping strategy ensures bounded amplification factors.
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Convergence: By the Lax—Richtmyer equivalence theorem for the linearized problem, and standard

compactness arguments for nonlinear conservation laws, consistency and stability imply convergence.

6.3 Computational Complexity

Let Nx denote the number of spatial grid points and M the number of time steps.
Explicit scheme: Complexity = O(NXM) Very cheap per step, but requires small At =
large M.

Implicit CN scheme: Complexity = O(Nx%M") due to nonlinear system solves (Jacobian

factorization, Newton iterations). Stable for large At but expensive.

Hybrid A-IMEX-CN scheme: Complexity =~ O(NxM" + KNx) where K is the small number
of Newton iterations (typically 2—3). Since adaptive At reduces the total number of steps M" << M,
the hybrid method achieves significant efficiency gains compared with the fully implicit approach (Chen

& Lu, 2025; Makridis & Kouvelas, 2023; Fan et al., 2024).

Figure 1 compares the stability zones of the suggested Hybrid A-IMEX-CN scheme, Explicit Euler, and
Implicit Crank-Nicolson. The implicit CN technique is computationally costly yet unconditionally stable,
whereas the explicit method is constrained by the CFL condition. Larger time steps with adaptive control
are made possible by the hybrid approach, which inherits flexibility from the explicit predictor and

stability from the implicit component (Storani et al., 2021).

Stability Regions Comparison

3.0

- Explicit Euler (CFL limited)

~——— Implicit Crank-Nicolson (Unconditionally stable)
254 = = Hybrid A-IMEX-CN (Adaptive stable)

N
=}
T

|Amplification Factor|
= -
o w
H
j

=4
n

e =

0.00 025 050 075 1.00 125
At

9:0 150 1.75 2.00

Figure 1: Amplification Factor Comparison for Explicit Euler, Implicit Crank—Nicolson,

and Hybrid A-IMEX-CN.
7  MESH REFINEMENT, CONVERGENCE, AND SENSITIVITY ANALYSIS

To address the robustness and reliability of the proposed A-IMEX-CN scheme, we conduct a systematic
numerical validation including mesh refinement studies, convergence rate estimation, and sensitivity

analysis with respect to the CFL parameter and solver tolerances.

Mesh Refinement and Convergence Study: We consider the smooth Gaussian initial condition
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p(x,0) = exp(—100(x — 0.5)?),x € [0,1], (28)
for which the solution remains smooth over the simulated time interval. The computational domain is

discretized using three uniform meshes:

1
Ax ==, N € {100,200,400}. (29)

The time step is chosen according to the adaptive CFL condition

Ax

At =0——F—F—,0=
max|f” (p)|

0.9. (30)

Ahighly refined reference solution computed on N = 1600 grid points is used to evaluate errors. The

discrete L2 -error at final time T is defined as
1/2

N
1
Ep = {2 (puT) = p(m))” (31)
i=1

The observed order of convergence (OOC) is computed by

_ log(Ehl/Ehz)

00C = g ha /i) (32)

Table 2 illustrates the convergence behavior of the A-IMEX-CN scheme under mesh refinement.

Table (2). Mesh refinement and convergence results for the A-IMEX-CN scheme

Grid size (N) Ax L2 Error Observed Order
100 1/100 241 x 1073

200 1/200 6.21x107* 196

400 1/400 1.58 x 10™* 198

These results confirm second-order convergence in time and first-order spatial accuracy, consistent

with the theoretical analysis.

71 CFL and Time-Step Sensitivity Analysis

To evaluate robustness with respect to the time-step size, simulations are performed using different CFL

parameters:
6 € {0.4,0.6,0.8,0.95}. (33)

For each value of @, the scheme remains stable and produces comparable accuracy, with only marginal
increases in error for very large CFL values. Unlike explicit schemes, the A-IMEX-CN method does not
suffer from instability as @ — 1. This demonstrates that the adaptive strategy effectively balances

stability and efficiency, allowing significantly larger time steps than classical explicit methods.

196



Palestine Technical University Research Journal, 2026, 14(01), 186-202

7.2 Defect Estimator and Adaptive Strategy

The adaptive time stepping is driven by a residual-based defect estimator defined as

pntl — ||p;n+1 _ p~in+1||L2: (34)
~n+1. .. . .
where p; is the explicit predictor solution.
The time step is updated according to
1
] tol \2
Atpew = At - min | Yimax, Max | Ymin, (Dn"'l) ’ (35)
with parameters
tol = 107%, ¥min = 0.5, Yimax = 1.5 (36)

This mechanism ensures that the time step is automatically reduced near shocks or steep gradients and

increased in smooth regions.

7.3 Newton Solver Parameters

The nonlinear Crank-Nicolson corrector is solved using a damped Newton method with the following
parameters: Maximum number of Newton iterations: K.y = 3, Convergence tolerance:

||6p(k) ||L2 < 1078 and Initial guess: explicit predictor P A (n + 1)

In all experiments, convergence is achieved within 2-3 iterations, confirming that the hybrid approach
significantly reduces the computational cost compared with fully implicit solvers. The numerical
validation demonstrates that the proposed A-IMEX-CN scheme: Achieves the expected convergence
rates, remains stable for large CFL numbers, is insensitive to moderate parameter variations and Requires

few Newton iterations, ensuring efficiency.

These results confirm that the method is not merely heuristic, but numerically robust and suitable for

large-scale and long-time traffic flow simulations (Makridis & Kouvelas, 2023; Qiao et al., 2022).
8 NUMERICAL EXPERIMENTS (MATLAB)

We carried out a number of numerical tests and compared the outcomes with the Explicit Godunov and
Implicit Crank-Nicolson schemes in order to assess the efficacy of the suggested A-IMEX-CN hybrid

technique. Two benchmark issues were taken into consideration:

Test Case I: Smooth Gaussian Profile: First, we examine beginning data that is smooth and has a Gaussian

distribution:

p(x,0) = exp(—100(x — 0.5)?, x € [0,1] (37)
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The accuracy and convergence rates of numerical schemes can be tested because the solution propagates

without the creation of shocks.

Observation: For relatively small time increments, the explicit Godunov method works well; but, for
higher At, itbecomes unstable (Morton & Sonar, 2007). Smeared waveforms result from the implicit CN
method's modest diffusion while maintaining stability (Storani et al., 2021; Makridis & Kouvelas, 2023).
The hybrid A-IMEX-CN approach provides virtually second-order convergence at a lower computing cost
while precisely maintaining the Gaussian shape (Storani et al., 2021; Makridis & Kouvelas, 2023; Fan et

al,, 2024).

Test Case ll: Riemann Problem (Shock and Rarefaction): A classical Riemann problem with

discontinuous initial data is the subject of the second experiment:

(08, x<05
p(x'o)_{o.z, o xelo] (38)

Because it generates both a shock wave and a rarefaction wave, this initial condition is a demanding test

for shock-capturing capabilities.

Observation: The explicit approach captures the shock well for small At, but it becomes unstable for
larger At (Qiao etal., 2022). While damping oscillations, the implicit CN approach significantly blurs the
shock front (Makridis & Kouvelas, 2023). In contrast to the implicitapproach, the hybrid system achieves
a sharper resolution of the shock while maintaining stability for large At (Chen & Lu, 2025; Makridis &
Kouvelas, 2023; Fan et al., 2024).

Error and Cost Comparison: The computational cost and error metrics for the three schemes on both

test cases are compiled in Table 3.

Table (3). Comparison of computational performance and error

Method Test Case At L2 Error Loo Error CPU Time (s)*
Explicit Godunov Gaussian 0.001 2.1x1073 3.5x1073 1.0
Explicit Godunov Gaussian 0.009 unstable unstable 0.2
Implicit CN Gaussian 0.001 1.8x1073 3.0x1073 3.0
Implicit CN Gaussian 0.009 3.6x1073 6.2x1073 1.5
Hybrid A-IMEX-CN Gaussian 0.009 24x1073 40x1073 0.8
Hybrid A-IMEX-CN Riemann 0.009 3.1x1073 52x1073 0.9

*CPU times are estimates that vary depending on hardware and implementation.
9  DISCUSSION:

The hybrid scheme preserves roughly second-order accuracy for smooth problems while lowering
computational costs in comparison to fully implicitapproaches (Storani etal., 2021; Makridis & Kouvelas,
2023; Fan et al,, 2024). The hybrid approach maintains sharper discontinuities than the implicit CN
system (Makridis & Kouvelas, 2023) and is more stable than explicit techniques in shock issues (Toro,

2012; Qiao et al.,, 2022). The proposed A-IMEX-CN approach provides a balanced trade-off between
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accuracy, stability, and computational economy for large-scale and real-time traffic simulations (Fan et

al., 2024; Luther et al,, 2024).

Test Case I: Gaussian Profile - Exact vs Numerical Solutions

1.0F Exact solution
- Explicit Godunov (At small)
4 —-= Implicit CN (At large)
0.8} =++= Hybrid A-IMEX-CN
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X

Figure 2: Gaussian Profile — Exact vs. Numerical Solutions.

Figure 2: Gaussian Profile — Exact vs. Numerical Solutions. The hybrid system provides good accuracy
with larger time steps compared to the explicit technique (CFL limited) and implicit CN (diffusive)

(Storani etal., 2021).

Test Case II: Riemann Problem - Exact vs Numerical Solutions
08y /rrrr———m—"—"m—"m™"m™"m Exact solution
-=- Explicit Godunov (unstable At)
0.7 —-= Implicit CN (diffusive)
: N S B « Hybrid A-IMEX-CN
0.6
5
Z05
2
20.4
3
S 1 i estseeae s
0.3
oab e
01F e
0.0 0.2 0.4 0.6 0.8 1.0
X
Figure 3: Riemann Problem — Exact vs. Numerical Solutions.

Figure 3: The Riemann problem'’s exact and numerical solutions are compared. The hybrid A-IMEX-CN
system captures the discontinuity more sharply and stays stable, while the explicit scheme becomes

unstable for long At and the implicit CN scheme blurs the shock (Storani et al., 2021; Makridis &
Kouvelas, 2023).

10 RELEVANCE TO REAL -WORLD TRAFFIC APPLICATIONS AND SCALABILITY

Although the numerical experiments presented in this work are conducted on one-dimensional
benchmark problems, the proposed A-IMEX-CN scheme is designed with real-world traffic modeling
requirements in mind. In this section, we discuss the applicability, scalability, and extensibility of the

method toward realistic traffic flow simulations.
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Scalability to Large-Scale Traffic Networks: Macroscopic traffic models such as the LWR equation
form the core of many network-level traffic simulators used in transportation engineering. In such
applications, road networks are decomposed into one-dimensional links connected through junction

models. The A-IMEX-CN scheme is particularly well suited for such network-based simulations because:

Local updates: The explicit predictor and implicit corrector are both formulated locally in space, making

the method naturally scalable across multiple road segments.

Reduced number of time steps: The adaptive time-stepping strategy allows the use of larger time steps in
uncongested regions, significantly reducing the total number of time iterations required in large

networks.

Low implicit overhead: Unlike fully implicit schemes that require global nonlinear solves, the hybrid
method limits Newton iterations to a small number and uses the explicit predictor as an efficient initial

guess.

As a result, the computational complexity grows approximately linearly with the number of road

segments, which is a key requirement for large-scale traffic simulations.

Extension to Network Junctions and Multi-Link Models: In practical traffic systems, multiple road
segments interact at junctions, merges, and diverges. The proposed scheme can be extended to such
configurations by combining the A-IMEX-CN time integration with standard demand—supply coupling
conditions at junctions. Specifically: The explicit Godunov predictor naturally supports Riemann-based
junction solvers. The implicit corrector stabilizes the solution near junctions, where strong nonlinear
interactions often occur. The adaptive time stepping automatically reduces the time step when

congestion forms near bottlenecks or merges.

Suitability for Real-Time and Online Traffic Simulation: Real-time traffic monitoring and control
applications impose strict constraints on computational efficiency and robustness. The A-IMEX-CN

scheme addresses these requirements through:

Adaptive computational effort: Computational resources are concentrated only where and when needed

(e.g., near shock formations or traffic breakdowns).

Predictor—corrector efficiency: Most time steps require only a small number of Newton iterations, and in

smooth flow regimes the method behaves similarly to an explicit scheme.

Stability under large time steps: The method avoids the instability issues of explicit schemes and the

excessive diffusion of implicit schemes, making it reliable for online simulations.

Applicability to Multi-Lane and Extended Traffic Models: Although this study focuses on the single-
lane LWR model, the proposed A-IMEX-CN framework is notrestricted to this setting. The method can be
extended to: Multi-lane macroscopic models with lane-changing source terms. Second-order traffic

models (e.g.,, Aw—Rascle—Zhang systems). Traffic models coupled with control or reaction terms.
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Limitations and Future Directions: We acknowledge that this work does not include data-driven
calibration or network-scale simulations. However, the primary goal of this study is to establish a

numerically robust and efficient time-integration framework. Future work will focus on:

Large-scale network simulations with realistic junction topologies, Validation using measured traffic

data, Integration with traffic control and optimization frameworks.

11 CONCLUSION:

In this work, we investigated numerical techniques for solving the macroscopic traffic flow model of the
Lighthill-Whitham—Richards (LWR) type. Three methods were considered: the implicit Crank-Nicolson
scheme, the conventional explicit Godunov scheme, and the proposed hybrid A-IMEX-CN method. The
performance of the approaches was evaluated using benchmark test cases, including a smooth Gaussian
profile and a discontinuous Riemann problem. The following is a summary of the key findings: Explicit
methods are inefficient for large-scale or long-time simulations because they are severely limited by the
CFL condition, even though they provide accurate solutions for very small time steps. Despite their
unconditional stability, implicit Crank-Nicolson methods have high computational costs and excessive
numerical diffusion, particularly in the vicinity of shocks. The suggested A-IMEX-CN hybrid approach
effectively blends the effectiveness of explicit updates with the stability of implicit schemes. When
compared to fully implicit methods, it reduces computational cost, captures discontinuities more sharply,
and achieves second-order accuracy in time. The hybrid scheme is suitable for real-time traffic modeling
applications where speed and accuracy are equally important because numerical experiments have
confirmed that it is both robust and efficient. Future research will concentrate on applying the hybrid
methodology to higher-order spatial discretizations, such as DG schemes and WENO. network-level and

multi-lane traffic models. combining data assimilation methods to forecast traffic in real time.
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